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CIRCUIT PRESENTATION AND LATTICE STICK
NUMBER WITH EXACTLY 4 z-STICKS
HYOUNGJUN KIM AND SUNGJONG NO
Abstract. The lattice stick number sL(L) of a link L is defined to be
the minimal number of straight line segments required to construct a
stick presentation of L in the cubic lattice. Hong, No and Oh [5] found
a general upper bound sL(K) ≤ 3c(K) + 2. A rational link can be
represented by a lattice presentation with exactly 4 z-sticks.
An n-circuit is the disjoint union of n arcs in the lattice plane Z2.
An n-circuit presentation is an embedding obtained from the n-circuit
by connecting each n pair of vertices with one line segment above the
circuit. By using a 2-circuit presentation, we can easily find the lattice
presentation with exactly 4 z-sticks.
In this paper, we show that an upper bound for the lattice stick
number of rational
p
q
-links realized with exactly 4 z-sticks is 2p + 6.
Furthermore it is 2p+ 5 if L is a 2-component link.
1. Introduction
A link is a disjoint union of simple closed curves in R3. A one component
link is called a knot. A polygonal link is a link whose image in R3 is the
union of a finite set of line segments, called sticks. Let the stick number s(L)
of a link L be the least number of straight sticks need to make a link L. In
particular, stick number of the trefoil knot 31 is equal to 6.
Figure 1. Trefoil knot and figure-8 knot in Z3
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Let the lattice stick number sL(L) of a link L be the least number of sticks
need to make a link L in the cubic lattice Z3 which is (R×Z×Z)∪(Z×R×Z)∪
(Z×Z×R). Huh and Oh [8, 9] showed that there are exactly two non-trivial
knots whose lattice stick numbers are at most 14. More precisely, the trefoil
knot 31 has lattice stick number 12, and the figure-8 knot 41 has lattice stick
numbers 14, which are depicted in Figure 1. Huang and Yang [7] showed
that 51 and 52 knot have lattice stick number 16. Adams et al. [1] showed
that sL(820) = sL(821) = sL(946) = 18, sL(4
2
1) = 13 and sL(Tp,p+1) = 6p for
p ≥ 2 where Tp,p+1 is a (p, p + 1)-torus knot. To find the exact values of
the lattice stick number of these knots, they used a lower bound on lattice
stick number in terms of bridge number, sL(K) ≥ 6b(K), which was proved
by Janse van Rensburg and Promislow [10]. Furthermore Diao and Ernst
[4] found a general lower bound in terms of crossing number c(K) which is
sL(K) ≥ 3
√
c(K) + 1+3 for a nontrivial knotK. Hong, No and Oh [5] found
a general upper bound sL(K) ≤ 3c(K)+2, and moreover sL(K) ≤ 3c(K)−4
for a non-alternating prime knot. They [6] also showed that sL(2
2
1) = 8,
sL(2
2
1♯2
2
1) = sL(6
3
2) = sL(6
3
3) = 12, sL(4
2
1) = 13, sL(5
2
1) = 14 and any other
non-split links have stick numbers at least 15.
Henceforth, a stick in L which is parallel to the x-axis is called an x-
stick . An x-level k for some integer k is a yz-plane whose x-coordinate is
k. Similarly define for y-stick or z-stick, and y-level or z-level. Then each
y-stick and z-stick lies entirely on an x-level. It is known that the knot in
the cubic lattice must have at least 4 z-sticks to be a nontrivial knot. Note
that the only 2-bridge links and the trivial knot can be represented using
exactly 4 z-sticks. So we study the representations of 2-bridge links using 4
z-sticks.
An n-circuit is the disjoint union of n arcs in lattice plane Z2 such that
every endpoint of arcs is labeled v1, v
′
1, . . . , vn, v
′
n. Note that the coordinate
of vi is (xi, yi) and the coordinate of v
′
i is (x
′
i, y
′
i). A circuit is called regular
when it satisfies the following two conditions;
For each i, j ∈ {1, . . . , n},
• xi = x
′
i or yi = y
′
i,
• [xi, x
′
i] ∩ [xj , x
′
j] = φ or [yi, y
′
i] ∩ [yj , y
′
j] = φ, if i 6= j.
An n-circuit presentation is an embedding obtained from the n-regular cir-
cuit by connecting each n pair of vertices vi and v
′
i with one line segment
above the circuit. Figure 2 is an example of a 3-circuit presentation.
v
1
`v
1
v
2
`v
2
v
3
`v
3
Figure 2. Examples of a 3-circuit presentation of (4, 3)-
torus knot
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In this paper, we show the following theorem by using 2-circuit presenta-
tions.
Theorem 1. An upper bound for the lattice stick number of rational
p
q
-links
realized with exactly 4 z-sticks is 2p + 6. Furthermore it is 2p + 5 if L is a
2-component link.
Note that, 31 knot and 51 knot are rational
3
1
-knot and 5
1
-knot, respec-
tively. The upper bound of the main theorem for these knot are 12 and 16,
respectively. These values are exactly same with their lattice stick number.
In addition, the upper bound of 421 link is 13, and this value is also exactly
same with its lattice stick number.
The upper bound of the main theorem is the number of sticks to represent
a lattice knot with exactly 4 z-sticks. So the general upper bound of lattice
stick number is better than our result. However, for some cases, our result is
better. We consider the general upper bound of the lattice stick number for
the rational (p, 1)-link. The upper bound of the main theorem of a rational
(p, 1)-link is 2p + 6. Since the crossing number of a rational (p, 1)-link is
p, the general upper bound of lattice stick number of this link is 3p + 2.
Therefore, for a rational (p, 1)-link, the result of the main theorem is better
than the existing result when p > 4.
2. Rational tangle in pillowcase form
An n-tangle is a proper embedding of the disjoint union of n arcs into
a 3-ball. Note that embedding must send the endpoints of the arcs on the
boundary of the ball. Two n-tangles are equivalent if there is an ambient
isotopy of one tangle to the other keeping the boundary of the ball fixed.
a
1
a
2
a
3
a
n-1
a
n
Figure 3. The rational tangle with T (a1, . . . , an)
A 2-tangle is called a rational tangle with Conway notation T (a1, . . . , an)
as drawn in figure 3. It is called a rational
p
q
-tangle if
p
q
= an +
1
an−1 +
1
.. . +
1
a2 +
1
a1
.
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Conway’s Theorem states that a rational
p
q
-tangle is ambient isotopic to a
rational
p′
q′
-tangle if and only if
p
q
=
p′
q′
. It is first stated in [2].
T
0 vertical twist horizontal twist reflection
Figure 4. Rational tangles and its operations
The vertical twist is a homeomorphism of a 2-tangle which switches the
location of the two endpoints at the bottom by using a half-twist as drawn
in Figure 4. Then the new crossing obtained through this operation or
its inverse is called a vertical crossing. Similarly, we can also define the
horizontal twist and horizontal crossing. It is well known that any positive
rational tangle can be obtained from T0 by using a sequence of vertical
and horizontal twists(without using their inverses). If the rational tangle
is finished with the vertical crossing, we change it to be finished with the
horizontal crossing by using the reflection in the shaded plane as drawn in
Figure 4. A rational
p
q
-link is obtained from a rational
p
q
-tangle by joining
the top endpoints together and the bottom endpoints also together as drawn
in figure 5.
Figure 5. A rational
17
7
-link
Now we introduce the another description of a rational tangle. A rational
tangle is called the pillowcase form if the arcs of the tangle lies on its bound-
ary as drawn in figure 6. Let t(or s) be the number of the gaps between
the arcs across the top and bottom(or each side, respectively). Note that
t = 0 means that the arc connecting two top(or bottom) vertices lies on the
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top(or bottom) boundary. Similarly, s = 0 means that the arc connecting
two left(or right) vertices lies on the left(or right) side boundary. Then we
call this (t, s)-form.
Figure 6. The rational tangle in the pillowcase form with (7, 5)
For these two different descriptions of a rational tangle, we can obtain
Proposition 2. The result of this proposition is introduced by Cromwell [3].
Proposition 2. If (t, s)-form is equivalent to the rational
p
q
-tangle then
(t, s) = (p, q).
Proof. We first claim that a (t, s)-form turns into the (t, t + s)-form when
adding a vertical crossing, and turns into the (t+ s, s)-form when adding a
horizontal crossing. Adding a vertical crossing to a tangle is corresponding
to twisting the tangle by 180◦ along the vertical crossing. In this case, the
arcs intersect each side exactly t more times. So the number of the gaps
between the arcs across the each side becomes t+ s. Similarly, the number
of the gaps between the arcs across the top and bottom becomes t+ s when
adds a horizontal crossing.
Let the rational
p
q
-tangle be depicted by Conway notation T (a1, . . . , an).
Now we construct a (t, s)-form of the rational
p
q
-tangle. Similar to the
construction of the rational tangle, we also construct the pillowcase form
from T0 by using a sequence of vertical and horizontal twists. Note that
T0 is (0, 1)-form. First add a1 horizontal crossings to T0 then (0, 1)-form is
changed to (a1, 1)-form. Next add a2 vertical crossings then it is changed to
(a1, a1a2+1)-form. Repeat this operation for the n-th time. Let a pillowcase
form which represents this operation until the k-th time be (tk, sk)-form.
We will show that if k is odd then a (tk, sk)-form is equivalent to a
tk
sk
-
tangle, and if k is even then the (sk, tk)-form which is obtained from the
(tk, sk)-form by using the reflection, is equivalent to an
sk
tk
-tangle. Now we
use the induction on k.
When k = 1, an (a1, 1)-form is equivalent to an a1-tangle. When k is odd,
suppose that the (tk, sk)-form is equivalent to the
tk
sk
-tangle. It sufficient
to show that the (sk+1, tk+1)-form is equivalent to the
sk+1
tk+1
-tangle, since
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k + 1 is even. The (tk+1, sk+1)-form is obtained from the (tk, sk)-form by
adding ak+1 vertical crossings. Then the (tk+1, sk+1)-form is equivalent to
the (tk, sk+ak+1tk)-form, by the above claim. On the other hand, a rational
tangle with Conway notation T (a1, . . . , ak+1) is an
(
ak+1 +
1
tk
sk
)
-tangle, so
it is an
(
ak+1tk + sk
tk
)
-tangle.
When k is even, suppose that the (sk, tk)-form is equivalent to the
sk
tk
-
tangle. Similar to previous case, it is sufficient to show that the (tk+1, sk+1)-
form is equivalent to the
tk+1
sk+1
-tangle, since k + 1 is odd. The (tk+1, sk+1)-
form is obtained from the (tk, sk)-form by adding ak+1 horizontal crossings.
Then the (tk+1, sk+1)-form is equivalent to the (tk+ak+1sk, sk)-form, by the
above claim. On the other hand, a rational tangle with Conway notation
T (a1, . . . , ak+1) is an
(
ak+1 +
1
sk
tk
)
-tangle, so it is a
(
tk + ak+1sk
sk
)
-tangle.
We remark that the (t, s)-form is constructed from a rational
p
q
-tangle.
If n is odd, the (t, s)-form is equivalent to the (tn, sn)-form, and it is also
equivalent to a rational
tn
sn
-tangle, so it is a
t
s
-tangle. If n is even, by the
definition of the rational tangle, a (t, s)-form is equivalent to a (sn, tn)-form.
Then the (sn, tn)-form is equivalent to a rational
sn
tn
-tangle, so it is a
t
s
-
tangle. In both cases, p = t and q = s, by the uniqueness of a rational
tangle. Therefore the (p, q)-form is equivalent to the rational
p
q
-tangle. 
3. Proof of main theorem
Let L denote a rational
p
q
-link such that p and q are coprime. By propo-
sition 2, there is an associated diagram as shown in Figure 7 (a). In this
figure, the central line segments consists of lines of slope ±
p
q
in the square
with four vertices A(0, 0), B(0,−1), C(1,−1) and D(1, 0). l1(or l2) is an arc
connecting A and D(or B and C, respectively). We change this diagram to
new diagram as drawn in Figure 7 (b), by using the linear transformation(
p −q
p q
)
. Then all central line segments are parallel to either the x-axis or
the y-axis. We say that the line segment is horizontal(or vertical) when it
is parallel to the x-axis (or the y-axis).
Now, we will make a regular 2-circuit to obtain the link in the cubic
lattice with 4 z-sticks from the diagram in figure 7 (b). First, transform the
diagram for setting into Z2 except the arcs l1 and l2. Move the horizontal
lines by the following operation. For each i ∈ {1, 2, . . . , q}, move the line
segment between (p− i, p− i) and (p+ i, p− i) to the line segment between
(p− i, p+ i) and (p+ i, p+ i). Similarly, for each i ∈ {1, 2, . . . , q}, move the
line segment between (q − i,−q + i) and (q + i,−q + i) to the line segment
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1
p
1
q
p
qslope=
(a) (b)
(0,0)
(q,-q)
(p+q,p-q)
(p,p)
(0,0)
(0,-1)
(1,0)
(1,-1)
l
1
l
2
Figure 7. A (p, q)-form in Z2
between (q− i,−q − i) and (q + i,−q − i). During this process, each moved
horizontal line segment is separated from its adjacent vertical line segments.
To connect these separated line segments, extend the vertical line segments
as drawn in Figure 8 (a).
Figure 8. How to move the horizontal lines
We can easily check that there remain p− q − 1 horizontal line segments
that intersect vertical lines. Since these horizontal line segments can not
apply the above process, change the line segment between (p−q−i, p−q−i)
and (p + q − i, p − q − i) to the path which passes through to three points
(p− q − i, p+ q + i), (p+ q + i, p+ q + i) and (p+ q + i, p− q − i), for each
i ∈ {1, 2, . . . , p− q− 1} as drawn in Figure 8 (b). When p− q = 1 we do not
need this operation.
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To obtain a regular 2-circuit, we extend the line segment between (0, 0)
and (0,−2q) to the line segment between (0, p) and (0,−2q). Similarly,
extend the line segment between (p+ q, p− q) and (p+ q, p+ q) to the line
segment between (p+ q,−q) and (p+ q, p+ q). If the extended vertical line
segment meets some horizontal line segments then drop these horizontal line
segments, and extend the vertical line segments attached to them until they
reach the dropped horizontal line segments as drawn in Figure 9 (a). Let
(0, p), (p, p), (q,−q) and (p + q,−q) denote v1, v
′
1, v2 and v
′
2 respectively.
Then the resulting diagram is a regular 2-circuit. Note that there are 2p
vertical line segments and 2p − 2 horizontal line segments.
Figure 9. A rational
p
q
-link in Z3
Let P1 be the path starting from v1, and P2 be the other. Then the vertical
line segments of P1 have even x-coordinate, and the vertical line segments
of P2 have odd x-coordinate. Since there are 2p vertical lines, each P1 and
P2 has p vertical line segments. On the other hand, each path starts and
finishes with vertical line segments. Hence each P1 and P2 consists of 2p− 1
line segments.
Next, connect v1 and v
′
1 by an arc l1 which consists of one horizontal line
segment in z-level 1, and two z-sticks. Similarly, connect v2 and v
′
2 by an
arc l2 as drawn in Figure 9 (a). Therefore, this 2-circuit presentation can
be represented by 4p + 4 sticks in the cubic lattice.
Now we transform this presentation for reducing number of sticks to
represent. First, change the path which passes through (p, p, 0), (p, p, 1),
(0, p, 1), (0, p, 0), (0,−2q, 0), and (2q,−2q, 0) to (p, p, 0), (p, p, 2), (p,−2q, 2),
(2q,−2q, 2), and (2q,−2q, 0). Then we can reduce the number of sticks by
one. Next, push down P2 to z-level −1. Then P2 can be replaced by a path
consisting at most two sticks as drawn in Figure 9 (b). Especially, if L is a
2-component link, P2 can be replaced by a stick because v2 and v
′
2 are the
endpoints of P2 as drawn in Figure 9 (c). Therefore for the rational
p
q
-link
L, the upper bound of the lattice stick number of L with exactly 4 z-sticks
is 2p + 6. Furthermore it is 2p + 5 if L is a 2-component link.
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